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@ GDP has a clear upward trending behaviour, but there are also
fluctuations around this upward trend. As we will see, this is so for

mani macroeconomic time series.



Why decompose?

o Useful to decompose the original time series {y;} ! | into a trend
[r:}+]_, and cyclical component {y£}/_, such that

yt:Tt—l—yf,, t=12---,T.

@ Policy oriented: When is an economy in a recession phase? VWhen in
an expansion phase? Precise measurement needed to choose the right

policy tools.

@ Theory oriented: Often it is easier to deal with separate models for
the growth and cyclical components. Many business cycle models are
expressed in stationary variables, i.e. variables that have a constant
mean of 0. To compare these models to the data, need to also

de-trend the data.



Why work with logarithms?

@ Common to express variables in natural logarithms.

@ It makes the graphs nicer: The vertical axis is transformed to

numbers in the range of, say, 7 to 10 (which corresponds to original
numbers between e’ = 1096 and e!'® & 22026).

e If a variable is growing exponentially, then the logarithm of the
variable will grow linearly.

® In yvir1 —In y; is the growth rate of y since
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© Hodrick-Prescott Filter




Hodrick-Prescott Filter (HP Filter)

o Given a time-series {y:} ! ; choose the trend {r:}] ; so that

T

min Z — ’J't)2 Z Tt+1 — Tr) — (Tr — Tr—l)]%

{Tt}r =1 ¢—1 i =" e
! M

o Want to produce trend, that is f} close to the actual series and i)
does not have too large changes in the growth rate of the trend.

@ A is a key parameter. Large values of A give a smooth trend. For
A = 0 HP Filter gives back original time-series.

@ For quarterly data, usually choose A = 1600.

@ For annual data, usually choose A = 100.



@ For A = 0 the second objective is “switched off” and the optimisation
problem becomes

-
min Z(yt — 1)
Inha ol

@ This means that we are only interested in minimizing the squared
deviation between y; and its long-run component ;.

@ Since we choose 7¢ in order to achieve our objective we set 71 = v;.

@ This means in turn that we interpret the actual time series y; as
consisting solely of a long-run component.

@ At the same time we decide that there is no short-run component in
the actual time series y;.



A — 00

® For A — oo the first objective is “switched off” and the optimisation
problem becomes

min 3 Z[ rerL = 72) = (7t — i)

@ Only interested in minimizing the squared change in the growth rate
of the trend.

@ One can show that this requires the trend to be some linear function
of time 7, = a1 1, for some constant a.

@ Then the HP Filter would become equivalent to estimating the
parameters c; in a model like

yi =apt+ ait+ &

and defining the cyclical component as yf = y; — &y — 1.



Example: T =4,0< A < x

@ For T = 4 the minimisation problem becomes

min (y1 — ’rl)2 + (v — ’J':z)2 + (y3 — TE)E + (ya — T4)2

{ Tt }?zl

+A[(r3 — 72) = (72 — 7)) + Al(ra — 73) — (73 — 2))°

o With the first-order conditions

wort T — 2{1 — 1)+ 2A[(ms — =] — {7 — 1] =

wort e — 2w — ) —AA[(Ts — ) — (e — )]+ 2A[Ts — ) — (e — m]] =0
wort s —2{ys— 73] —4A{myg — =) —{s — )|+ 2A{z— ) —(m—m]] =0
w.rt Tg o — 2{.!-*’4 - Tq] + 23'-.[{7'4 — Ts:] - '[TE - TE]] =0




Example: T =4

@ They can be written in matrix notation as

i A +1 —2X A 0 T
Yo . —2/‘\. 5)\ —+ 1 —4—/‘\. )*. T
vil | A —4x Ba+1 —2xn | | m
V4 § A —2A A1 T4

@ and be solved by matrix inversion to get

—1

T1 AL+ —2A A § ¥1
™| —2A bBA+1 —4 A A Vo
| A —4A BA+1 2A V3
Ty 0 A —2A A + 1 V3

Since A is chosen and y is the original data, T can be computed.



Original data
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Trend - Influence of A
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Cycle - Influence of A
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