
Multistage Optimization with the help 
of Quantified Linear Programming
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1)  K. Subramani. Analyzing selected quantified integer programs. Springer, LNAI 3097, pages 342–356, 2004.

 Union of all winning policies forms a polytope.. 

Politik

Quantified Linear Programs 1)
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Complexity is unknown in general. 

Policy space

 There is a winning policy against the universal player if and only if there is
a winning policy against a universal player who is restricted to {0,1}.

 Vertex complexity stays good-natured as long as the number of quantifier changes
is limited by a constant.

Quantified Linear Programs
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, strategy

strategy

, x integer:

Quantified Linear Integer Programs
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4

(all binary)

Flow constraints

constraints for
existential player

Critical constraint
for the universal 
player

Further example problems
• Connect6
• system synthesis of a pump system
• two stage jobshop
• two stage car-sequencing

Example problem: 
Dynamic Graph Reliability
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machines
Papers        1, 2, 3

Quantified Jobshop
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bin. encoding
of scenario-index
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Quantified Jobshop
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A degree of freedom, i.e. this is no
worst-case scenario.

45     65

Quantified Jobshop
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Optimal deterministic solution
42 87  0 10 30  0 30 42   --- 97
Scenario 4:
52 97  0 20 40  0 40 52   --- 108

1

1

2

2

23

3

3

1

1

2

2

23

3

3

1

1

2

2

23

3

3

1

1

2

2

2

3

3

3

Optimal first-stage solution
0 45  0 45 65  0 70 82   --- 99
Scenario 8:
0 48  0 50 70  0 75 87   --- 104

No scenario is worse than: 104 Without disruption awareness: 108

Quantified Jobshop
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Algorithms
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Opportunity 1: Deterministic equivalent

fst-stage | scenarion variables

n universal variables 
>> n „uncertainty bits“ 
>> 2n many scenarios
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Algorithms
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Opportunity 2: Tree search and cut algorithm

starting with 0/1-QIPs, run into tree from root downwards
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Opportunity 2: Tree search and cut algorithm

starting with 0/1-QIPs, run into tree from root downwards

solve LP-relaxation
if feasible:

strengthen with cuts
if infeasible:

compute backjump

if contradiction detected:
compute backjump and
learn cover-cut
discover earlier implication
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Algorithms
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Opportunity 2: Tree search and cut algorithm

starting with 0/1-QIPs, run into tree from root downwards

Best first search algorithm?

Curently depth first search
-> Alphabeta algorithm

4          3          2          ?

3

≥3

≥! 3
≤ 2

4. September 2014 | Ulf Lorenz, Aachen



FLUID

SYSTEM

TECHNIK

Algorithms
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Opportunity 2: Tree search and cut algorithm

starting with 0/1-QIPs, run into tree from root downwards

x7=1

and  x7=1
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Yasol results
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A collection of 797 QBF instances, grouped concerning the
instances‘ number of universal variables.
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Yasol results
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A collection of 0/1-IPs and artifically constructed 0/1-QIPs, 
grouped concerning the instances‘ number of universal 
variables.
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Future research
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 existential integer variables 
 continuous variables in the last stage
 more sophisticated cutting planes
 more models
 best-first search

THANKS FOR YOUR ATTENTION

4. September 2014 | Ulf Lorenz, Aachen


